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3Ñ q¥]u¥ Á0uT¼sa´u-¾~ au-»¥u-Á aqsuRuMuO>²º¥~·$ua@u¶¥t>¯uM@·¹>s²²aa´suM
O¥t>ºKO8aº"sO¼sº¥u-t>b¼8~TÁÅ4·'aqsu>aqsn¥ M ZO;½Q3;OtB¼s¥suMnaqsu@·¹atBsº¯a´OP·0qsu
O¥t>º¥Ä~ ~au-t ·oaqsuaau¥Î-uM sa¼sº¥u-t su 6n¨u-UM´ , O;ÂKÁ&Äaq qu]qu-a~ u-aO
Oasu-v·¹su!au-tvuaqss½ ; s¥s¨ eOs´¥º$¶a¯aum»¯a¼sº¥uRÄ·su-ua~OÂÅÁÅumt>j~
Ostvubqqsu-O¶o·¹s¥T·"qu1Àº%¶auHT
Min Φ(y(T )); ẏ(t) = f(y(t), u(t)), t ∈ [0, T ]; y(0) = y0. 4 8
6nu-au
f

Φ
u
C∞
·¹Ía´O
IRm × IRn → IRn  IRn → IR ÂäuM¶u¥»uº´~O½1x$¶u@s¯Áoss¨u-µ;Ð1s¶a~uvs¥aaua´ÎM¯¥Â%Á&qsu-au@qsu]-8aº»¯a¼sº¥uv¥aau¥Î-uM¢¥t@¥ºaº´~RaTqsu
¶au1»¯a¥¼sº¥uÂ6½ uO½´Âaq¯oÁ&´qTuOq-'¶¥ssu-o¶au )
yki
¥&O¯uM4¥ssuoOOaOº
uki
T






Min Φ(yN );
yk+1 = yk + hk
∑s
i=1 bif(yki, uki), k = 0, . . . , N − 1,
yki = yk + hk
∑s
j=1 aijf(ykj , ukj), i = 1, . . . , s,
y0 = y
0.
4W¦8
pqumOÄa´»Ouma´tvu au-
hk
aumqaq¯ ∑N−1
k=0 hk = T
½+pqsu &ss¨OuµÑÐ1¶¸aqsu-tvum
²tvuau-a´Îu ¼~ ´a>u-Ã>-´u8a
(a, b)
Â0
s × s t>¯a´¿¸ m»OuÍav· IRs uM¶u¥»u-º¥~½; stv¥s¨ º¥ºnuÃ]-´uO
bi
 ¼uRsOsÎ-u²Â'´]ÁÅO>¶qs¯Á& ¼~ 6n¨u!M´ , Ooq²¯N4Ó·üu4¶Otvu
q²s¨Ou&·%»¯a¥¼sº¥uK¥>quD¨s¨Ou&tBsº´¥sº¥´ua 8"aqsu$O¥t>º¥Ä~v~¶ut ]¼unÁ&a´¶u]¥>qsu
·¹Oº´º¥¯Á&¥s¨B·¹Ot5T


















yk+1 = yk + hk
∑s
i=1 bif(yki, (uki), k = 0, . . . , N − 1,
yki = yk + hk
∑s
j=1 aijf(ykj , ukj), i = 1, . . . , s,
pk+1 = pk − hk
∑s
i=1 b̂ify(yki, uki)
>pki, k = 0, . . . , N − 1,
pki = pk − hk
∑s
j=1 âijfy(ykj , ukj)
>pkj , i = 1, . . . , s,
0 = fu(yk, uk)
>pk, k = 0, . . . , N − 1,
0 = fu(yki, uki)
>pki, i = 1, . . . , s,
y0 = y
0, pN = Φ
′(yN ),
4Ó¡H8
Á&qu-au
b̂ :=

âij := (bibj − bjaij)/bi,
·¹Ooº¥º
i
²
j.
4 V 8
pquv¼²¯»Ou@~au-t tvj~R¼u>¥Oau-asauuM¢O $
+     	  +&. 
/.+ F ,E
4ÓW½ u½¥Âl]&ss¨OuµÑÐ1¶>-u-¥Î¯a´OTÁ&ÄaqmuÃ]-´uO&aq¯$su-u-ROTqsuB´su¿R·quB´Ïu¶µ
u8ºä»¯a¥¼sº¥u8'·¹aqsua´t>º´´~4O´¥Âs¶a¯au¼u-º¥¯ÁÂ·	O¼sº´ut 4 P8T







ẏ(t) = f(y(t), u(t)), t ∈ [0, T ],
ṗ(t) = −fy(y(t), u(t))>p(t), t ∈ [0, T ],
p(T ) = Φ′(y(T )), y(0) = y0,
0 = fu(y(t), u(t))
>p(t), t ∈ [0, T ].
4W8
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3;·'qsuC6ntv¥ºÄasP·¹sÍa´O
H(y, u, p) := p · f(u, y) -Âl¥Rqusu´¨Oq¼²OqsT·Kaqsu@a´t>ºaaua~Â1¶as¨Oº´~»Ou¿·¹s¥>·
u
Âqu-vÁ0uo@u-º¥´tv¥¯auqsuo-8aº·¹atqsuo¼²¯»Ou
º´¨Ou-¼s1Oaa´8Q4¹q$=&]qsu´tvsº¥¥-Ä$·¹s¥Raqsu-OutE8o¶vaq¯K4W8&uMuM&a4vÁÅ
¥8aK¼sa~B»¯º´sunsO¼sº¥u-tT½)3Ñvaq¯Å-uÂÄ·äaqsunº¥¥v·laqsun-u-¥Î-uMO¼sº´ut -Â
ÁÅu1t>j~]qsuÂs-º´8¶ubaaqsuub·	aqsuOOa´sOsa¼sº¥u-tTÂÁÅu-TÁÅu-º¥ºäu-º¥¥t@¥uO8aº
·¹at quº¥¨u¼svu8¯a´O¥ 4W¡H8Í½#1¢u¼¥ ¶µ;º¥º´uM 8a´sOB -u-u 
F    
4ÓW½ u½¥ÂsÁ&´qsO$-8aºl»¯a¥¼sº¥u 8G·¹Otsº¯¥²-ÂsqsuaauuausuM]·¹Otsº¥¥Tsua
O&@´¥suMoss¨u-µ;Ð1s¶avaau¥Î¥· 4WH8Í½
pqsuqu-a~!·ou-aaBOasu-1·¹@´¥u &s¨u-µ;Ð1a¢¥aaua´ÎM¯a´O qsutvu@s¯Á
ÁÅu-º¥º´µ6s²u-a%Âo¶uu M¥  %Âb  ZÂ&¦§O6½ 1 qsu- 4 V 8>qsOº¥s´T ¼u¢sa¯»uM qaqsu¢aqsu-tvu¢¥
~tvsº´uMÍa¥4Óu-uvu½ ¨½IM´  %POK·¹u¥º´uM¢¶s~R·Å~tvsº´uMÍa¥@qu-tvu 8Í½>0´¥²n·¹O1u-aO
Oasu-']-VBÁÅu-aunO¼a´suM'¶¼8~vqs*)n´NM´ , O6½0$unt>j~@À]¥<M ZO%B¥t@º´´À²-¥]·%u-
-sÄa´Ou-a¥»u¢·¹at M´  %ÂG  ZsÂ	¦§PO0·¹~t@º´uMÍ]aqsu-tvuM-Âäaq¯@º¥º´¯ÁobaP¯uvaqsu-t{·¹
Oasu-s>s½
pqsu¼¯»u0tvu-8¥suMausºÄssº¥~1sº¥~1·¹"s-¶¥suMsa¼sº¥u-t>	Á&Äaq¶as¨Oº´~1O8»Ou¿
6$tv¥ºÄas½nO8aqsu»u-1ºW½EM¥ ¡OKqs¯Á aq¯MÂl·¹bsO¼sº¥u-t>nÁ&´q!OOaOº"-¶¥8aÂ²q´¨Oq
Oasu-&&ss¨OuµÑÐ1¶vqsutvuÅ~s-º¥º¥~]Á&´º¥ºä¨¥»uE4Ó¼²uM-²¶u·qu²aa´8 8Åua·"u-
ÁÅ½ WsOt@´¿u8aOº²²4¶a¯aub-¶¥8aÂ8ymºs¯Áo=u&º6½¼¥]u-aO'uMa´t>¯au$·
aqsuu&·"qsu¶u¶¥Î-uO½ ; ´tv¥º¥&uM¶ºÄo&¼sa¥suM¼~4$8qsu-»56n¨u M´ j¦O%·¹oÀa¶¶µ
Oasu-&¯au1-¶¥8a½)JG¿8au-s´s¨vaqsuuausºÄÅvaqsu-o-º¥OuÅ·	s¥tvº%OOaOºäsa¼sº¥u-t
4WÅ·¹O #bs > sO¼sº¥u-t ·"uÍa´O 8Å¥&>¥¨s´À²-8qº´º¥u-¨u½
   
To,.&
0O¥u] ¥a~ ´ÏuuOa¥º&u8¥%ÂÅÁ&qsOuTu- ¥84²Äa´OvÁ&¥º´ºo¼uP-a¶uM
º¯au-T
ż(t) = F (z(t)), t ∈ [0, T ], 4Ó 8Á&qu-au
F
¥n
C∞
t>s´s¨
IRq → IRq ½Gpquaau²O¥s¨BOsuau-R-u-¥Î¯a´O4
zk+1 = zk + hkΦ(zk, hk),
4 ,8
Á&qu-au
Φ : IRq × IR → IRq ½ ; ¨O´ {hk} uvOÄa´»Oua´tvu4¶uÂ	q!q ∑N−1k=0 hk = T
½
W1TÅq~TsO¼sº¥u-tTÂlW½ u½¥ÂäÄ·0qsu@¥sÄa¥ºK²Äa´O
z(0)
¥b¨O´»Ou-%Âqu@»¯º´su@·'¥t@uv¶u-²$
O¼a´uT¼~¥²Í¥ TÅ¨O´»Ou-Pº´º
hi
·¹
i < k
ÂO&Á0uº´º
zk
ÂsuÀsuBqsuº´ºuao$¶u-
kO
ek := ẑk(hk) − zk+1
ÂäÁ&qsuu
ẑk(t)
a¯a¥¶ÀuM
ẑk(0) = zk
 ˙̂zk(t) = F (ẑk(t)) ½pqsuqu-a~·&u-aOu¶¥t>¯uMau-º¥º¥Baq¯qsu4º´-º'uaO au-
k
I4W¯º¥uOB·¹aqsuoss¨u-µ;Ð1s¶a
aqsut@uM0qÁÅu1qj»ub¥tv¥8Å·qsu1·¹Ot
ek = Ckh
p+1
k + o(h
p+1
k )
ÂÁ&qsuubaqsu1u-
p
¥Â´
¥¥sº¥uÂ=s¯Á&4¹O¼²uu-8´ÀuMstvu-º´º¥~$8Í½	pquÅua	u¶¥t>¯uOÂ¯·¹GnÀaº·²qsu
»¯º´su·
hk
Âst>j~>aqsu-au·¹Ou1¼uu¶¥t>¯uM¼8~tv¥s¨@quº´-ºä»¯a¥¥·"qsu´Ïlu-au-8º
»¯¼sº¥u1Á&ÄaqqsuOsuOt@uM¼~@aqsut@u·	qs¥¨qu-oOau½Kpqs&¨O´»OuÂÄ·"qsu¥t@u¶uT¥
t>º¥ºäu-sOs¨qÂsu¶¥tvu
êk
·aqsu 'asu )1º´-ºäu-aO
ek
Â²·¹~¥s¨
êk = Ckh
p+1
k + o(h
p+1
k );
4 %H8
þ¹ã"ê%þüë
 	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
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 
 !	#"$
	% &
'!()*+,-/.+ ,
aqsu1º¥¶au-&-4¼ub²¶uM]a@u
hk
v@»¯º¥sunaq¯&u¶uM'aq¯Åqubº¥-ºuaÅ0¼u-º¥¯Á[¨¥»u
aqsauqsºä½
W>ÁÅ4¥8ab¼²Os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ek = Ckh
p+1
k + o(h
p+1
k )
Â²´»¥s¨@qsu¶u
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q∈NN
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∑
k=1
qk;
N
∑
k=1
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qpk
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6nu-au
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1
½ Ì Ë ­
   Ç ∑N
k=1 ek/q
p
k > E
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0tvsau
kg ∈ argmaxk{ek (1/qpk − 1/(qk + 1)p) 
qkg
T
qkg + 1
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k − 1/(qk + 1)p)
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(Dm) Min
q∈NN
∗
N
∑
k=1
êk
qpk
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N
∑
k=1
qk = N + m.
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Er ≤ E < Er−1.
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(Dr)
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E
¶q]q 4ZH8'q0»¯º¥su
N + r
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q̄
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k0
¼²uqsu@¥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q̂k = q̄k
·¹Ooº¥º
k 6= k0
Â
q̂k0 = q̄k0 − 1
½
Du {qk} ·¹~eqsu O¶¥OR· (Dr) ½ 1!u qj»u¢ sa¯»umqRqsu tvs8 ∆ :=
∑N
k=1 êk(1/q̄
p
k − 1/q
p
k)
¥>sOÄa´»Ou½pqsuuTu-¿¶a
i
¼uPq q
qi > 1
½e|u
q̃k = qk·¹Ooº¥º
k 6= i Âs q̃i = qi − 1 ½ 1¢ut>j~]Á&aÄau ∆ = ∆1 + ∆2 ÂÁ&qsu-au
∆1 :=
N
∑
k=1
êk
(
1
q̂pk
− 1
q̃pk
)
; ∆2 := êk0
(
1
q̄pk0
− 1
(q̄k0 − 1)p
)
− êi
(
1
qpi
− 1
(qi − 1)p
)
.
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4· (Dr−1) Âs² q̃ ¥'·¹uO¶¥¼sº¥un·¹O (Dr−1) Â8ÁÅunq²j»uoaq¯
∆1 ≤ 0
½ D%u-bbsa¯»uq
∆2 ≤ 0
·¹Obu-a´
i
½ 3;·
q̄k0 ≤ qk0
Âlaqsu-¢Á0u@t>j~a=Ou
i = k0
½
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8'·
(Dr)
Â8ÁÅunt>j~a=u
i 6= k0
q>aq¯
q̄i < qi
½G|¥u
k0Åqu´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ÁÅu1qj»ubq²¯
∆2 ≤ êi
(
1
q̄pi
− 1
(q̄i − 1)p
)
− êi
(
1
qpi
− 1
(qi − 1)p
)
< 0.
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m = O(n)
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aqsuOt@a¥·%aqsuwouÁ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8a 8K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¨u&tBºÄµ
a´º´¥u-F8½ 6n¯Á0u»uÂjsa¯»¥uMaqsu8tB¼u-K·lO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n
Âaqsu&O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@º¥qºs&¥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Min
∫ T
0
`(y(t), u(t))dt + Φ(y(T ));



ẏ(t) = f(y(t), u(t)), t ∈ [0, T ];
0 ≤ g(y(t), u(t)), t ∈ [0, T ];
y(0) = y0.
4¶ ¡H8
6nu-au
g : IRn × IRm → IRr ¥nt>ss¥s¨v·"-º¥O C∞ ½pqu¥uM@·º´O¨Oa´qstvnu-ºÄ~4¥Â·¹54W¶t>º¥º8Åtvuau-
ε
Â>¥8asubqu²uº¥´Îu-&asss¥s¨>8
`ε(y, u) :=
{
`(y, u)− ε∑qi=1 log[gi(y, u)]
´·
gi(y, u) > 0, i = 1, . . . , r,
+∞, qsuÁ&u ,
4¶ V 8
4qsuau-º¯au²uº¥´Îus¥tvº%OOaOºlsO¼sº¥u-t5T
Min
∫ T
0
`ε(y(t), u(t))dt + Φ(y(T ));
{
ẏ(t) = f(y(t), u(t)), t ∈ [0, T ],
y(0) = y0.
4¶ M8
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aqsub¶au$u8¯a´O]qsOº¥sÂ
gi(y(t), u(t)) > 0
s½ u½¥Â
´RÄa´O%Â
log[gi(y(t), u(t))]
¥Du-¼u¨su1¥8u-¨Oa¼sº¥uÂ8·¹oº´º
i = 1
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!¥bO»u¿TÁ&´q!uM¶un
aqsu4-8aº6½I3Ñ Äa´O Ä¥¯»Ou¢qBOOaOº¥utv´ ¯@¥¶au]Bº¥u¶
cε
·¹at ´a
¼sÂÁ&qsuu
c > 0
sÄ·¹Ot ·¹Oº¥º'Ã]¥u-8º¥~mtvº´º
ε
½ ; ¶~tvvu¿¶¥²$·0aqsu
º¥a´O¢·¹O¶t>º´º
ε
tv´¨OqOqu-º¥ ·¹BuM¶¥¨´s¨Tu-Ã>-´u8Bº¥¨a´qst> G"T¯aqsu-²uM´À²]u@·
-8aº	²aa´8ao¥$¥a²uT¥ ; º¥»¯au-ÎÂ*7Åsn!Dsau-8¶µ&AGa´ M¥  O;½owoaqs¥s¨4u-u-t>
avqj»u1¼u-u-ROsub·¹&sa¼º´utvÁ&´qR¶auO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8-½
3Ñ sÍa¥-u ¥s´º·¹uM´¼sº¥u²O´8>¥v·üu s=8¯Á&%½ 3Ñ q]-uÄ]v»¼sº´u
au-Á&a´ubqsu1asss¥s¨]-¶¥8O
g(y(t), u(t)) − e(t) = 0; e(t) ≥ 0, t ∈ [0, T ], 4  8
4qsuu-º´¥Î-uMsO¼sº¥u-t O
Min
∫ T
0
[
`ε(y(t), u(t)) − ε
q
∑
i=1
log[ei(t)]
]
dt + Φ(y(T ));
ẏ(t) = f(y(t), u(t)); g(y(t), u(t)) − e(t) = 0; e(t) ≥ 0, t ∈ [0, T ];
y(0) = y0.
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¶u1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aOÍ-ºl´tvsº¥u-tvu-8¯¥²oau$¼²u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pqsuu-º´¥Î-uM sa¼sº¥u-t 4 j8¥s-¶¥su Á&Äaq ¸´8u¨ºÅ À²º8M½ ; ss´s¨
PssÄa´Oº¶au»j¼º´u
yn+1
qTq
yn+1(0) = 0

ẏn+1(t) = `ε(y(t), u(t))
º´º¥¯Áo
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ε
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









Min Φ(yN );
yk+1 = yk + hk
∑s
i=1 bif(yki, uki), k = 0, . . . , N − 1,
yki = yk + hk
∑s
j=1 aijf(ykj , ukj), i = 1, . . . , s,
0 ≤ g(yki, uki), i = 1, . . . , s,
y0 = y
0.
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su-8&
fn+1 = `
½:3;bµ
ua%qaqsu0º¥¨8aÄaqstv¥G²uº¥´ÎM¯a´O·B4¶  % 8äsqs¥s¨o¼	aqsu&ss¨OuµÑÐ1¶o-u-¥Î¯a´O
·L4 
,8Í½]pqsau-t>F=Ru·¹sº'¥uOÂ´·ÅÁÅu>u¶¥t>¯uvaqsu]-uv·Åqsu]º¥¥
uεh
·Åqsu
s¥aaua´Îu¢sO¼sº¥u-t aTqsu]º¥¥
ū
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